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Abstract—This paper is a continuation of "Distributive advec-
tion schemes and dry zones, new solutions", published in 2015,
and "Ongoing research on advection schemes", published in 2014
in this series of proceedings (References [12] and [13]). The
2015 publication described an adaptation of distributive schemes
called the LIPS scheme (Locally Implicit Psi Scheme). The use
of a local implicitation coped with dry zones. The drawback was
a number of linear systems to solve. We present here another
solution inspired from the iterative process of the NERD scheme
(Reference [8]). The new method loops on triangles while the
NERD scheme looped on segments. The rotating cone test shows
that the new method is better than the LIPS scheme, much less
sensitive to the Courant number, and faster since it does not solve
linear systems. A test case is presented, with bridge piers and an
island treated as a dry zone. It shows the ability of the method
in such situations: the maximum principle is strictly obeyed and
mass conservation is obtained at machine accuracy.
I. INTRODUCTION
Mass conservation, maximum principle and stability on
dry zones are now fairly well handled in the Telemac sys-
tem (see the Telemac release notes from 2007 to 2013
given in references, which can be found on the website
www.opentelemac.org). Consequently minimising the numer-
ical diffusion has now become the new cutting edge where
progresses improve the quality of studies. For example the
release of pollutants in rivers, the stability of stratifications,
and the numerical simulation of non-linear waves are highly
dependent on the quality of advection schemes, on their space
and time orders.
In the 2014 Telemac User Club several improvements were
presented (References [12]). In finite volumes the HLLC
scheme (Reference [6]), with first and second order, was
implemented. In finite elements, the classical N and PSI dis-
tributive schemes could be improved by adding the derivative
in time in the upwinding process. It was done in a predictor-
corrector procedure, after a publication by Mario Ricchiuto
(Reference [11]). The predictor gives an approximation of the
derivative in time of the tracer, which is then used in the
corrector step.
Three test cases were presented: a pollutant plume in a
steady state river, the transport of a stain, and the rotating
cone. The height of the cone after one rotation, which should
theoretically be 1, was 0.21 for the classical PSI scheme, 0.47
for the HLLC second order scheme, and 0.53 for the new
predictor-corrector PSI scheme.
In 2015 a new criterion for proving monotony was coined,
which allowed to perform as many correction steps as wanted,
with a predictor which is just maintained within a given range
and is not even subjected to mass conservation (Reference
[13]). With 4 extra correction steps the rotating cone dramati-
cally grows from 0.53 to 0.75. A second order in time version
of the predictor-corrector was also developed, in accordance
with References [1] and [11].
Then, to cope with dry zones, a locally implicit predictor-
corrector scheme was designed, with high implicitation only in
the dry zones. This new scheme allows to choose an arbitrary
time-step, and the rotating cone height after one rotation raised
to 0.79. This scheme was called LIPS (Locally Implicit Psi
Scheme).
In 2016 the stability criterion was changed in the LIPS
scheme, raising the cone height after one rotation to 0.84.
However the drawback of the LIPS scheme is that a number
(at least one) of linear systems must be solved. More recently
a new scheme was designed, that combines the idea of the
NERD scheme and all the ideas developed during Sara Pavan’s
PhD (Reference [14]). This new scheme is called ERIA,
acronym of Element by element Residual distributive Iterative
Advection scheme). Eria is also a genus of asiatic orchids.
The NERD scheme was a succession of iterations on all
the segments.The new scheme is a succession of iterations
on all the triangles, advection being solved locally with the
new predictor-corrector and corrections already presented.
The advantage is that a PSI scheme can be applied locally,
while with the NERD scheme only the N scheme could be
used. The ERIA scheme appears to be better and faster than
LIPS, and less sensitive to Courant number. It requires no
solution of linear system. The cone height after one rotation
is 0.46 without correction and 0.75 with 4 corrections, with a
symmetry seemingly better preserved than previous schemes.
If tuned with sub-iterations, the cone heigth can even be higher
than 0.86.
We shall now give detailed explanations on the new ERIA
scheme and show the first results.
II. THE ERIA SCHEME
The NERD scheme is based on fluxes between points given
by the N scheme. As the NERD scheme basically works on
isolated segments, there is no way to use the PSI scheme
concept, which involves a minima three points. We show here
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the possibility of a triangle-based iterative scheme. It consists
in treating independently every triangle with its own local
fluxes, the quantities of water and tracers carried by points
being shared between triangles according to rules that will be
detailed. The local fluxes are limited to ensure the positivity
of the water mass locally carried by the points. This is done
by provisionnally reducing the local fluxes. The part of the
initial fluxes which is left-over is kept for the next iteration.
The iterations are stopped exactly like in the NERD scheme,
when all the fluxes have been transfered, or when a maximum
of iterations is reached.
After one iteration the quantities carried by points are
assembled, so that a new depth and a new value of tracer
can be computed. This keeps the positivity of depth and the
monotony of tracers if it has been ensured locally on every
triangle. Hereafter we thus only study the problem on a single
triangle, with limited fluxes that will not cause negative depths
and will ensure stability. Boundaries and sources are treated
before (if bringing water) and after (if removing water) the
transfer of internal fluxes, exactly like with the NERD scheme,
and so are not taken into account here.
A. Predictor step
In the predictor step at element level, we will have initial
quantities of water dedicated to every point, denoted volp(i)
("vol" for volume and "p" for predictor). Classical distributive
schemes choose simply:
volp(i) =
ST hni
3
(1)
where ST is the area of the triangle and hni is the initial depth
of point i, so that the sum of all volumes locally given to
point i is the total quantity of water carried by this point, i.e.
Si hni , where Si is the integral of the test function of i, also
the area associated to this point. We keep this constraint here
but the distribution is different. When dealing with an element
we want to get final local volumes denoted V n+1i local such that:
V n+1i local = volp(i)−Δt

j in t
Φij ≥ 0 (2)
where volp(i) is our initial volume that remains to be defined.
The fluxes Φij are the local fluxes Φij (from i to j) given by
the N scheme, but limited in a way that will also be defined
later. The bar thus means "limited". The notation

j in t
means a sum on the two other points of the triangle t that
contains i. This can also be written in terms of depth, but if
we start from the initial depths and if we transfer all the fluxes
of one element it will give a local depth hn+1i local that may be
different, for the same point, in another element. Namely we
have:
V n+1i local =
ST h
n+1
i local
3
=
ST hni
3
−Δt

j in t
Φij ≥ 0 (3)
The initial volumes volp(i) are chosen following an offer
and demand principle, so as to minimise the further reduction
of fluxes. Let us first imagine that a classical local volume
SThni /3 has been a priori given to point i in a triangle.
Sometimes this local volume will not be large enough to keep
the depth positive (without reducing the fluxes). Sometimes it
will be largely enough, e.g. points that will receive water in
the triangle could even be given no initial volume. Namely
when point i in an element is such that:
ST hni
3
−Δt

j in t
max(Φij , 0) ≥ 0 (4)
it can give this positive quantity to its alter ego in other
elements and keep a positive final local depth hn+1i local. On
the contrary in elements where i is such that:
ST hni
3
−Δt

j in t
max(Φij , 0) < 0 (5)
it is in need of the opposite of this negative quantity. We can
thus compute a total demand td(i) and a total offer to(i) for
every point, by summing on all the neighbouring elements,
introducing the notation

t i meaning a sum on all triangles
t containing a point i:
to(i) =

t i
max
⎛
⎝ST h
n
i
3
−Δt

j in t
max(Φij , 0), 0
⎞
⎠
=

t i
max
⎛
⎝ST h
n+1
i local
3
+Δt

j in t
min(Φij , 0), 0
⎞
⎠ (6)
td(i) = −

t i
min
⎛
⎝ST h
n
i
3
−Δt

j in t
max(Φij , 0), 0
⎞
⎠
= −

t i
min
⎛
⎝ST h
n+1
i local
3
+Δt

j in t
min(Φij , 0), 0
⎞
⎠ (7)
We can then choose for each occurence of i the initial
volume that it will get, reasoned as a correction of the a priori
initial value ST hni /3:
In elements where i is "donnor":
volp(i) =
ST hni
3
−
⎛
⎝ST h
n
i
3
−Δt

j in t
max(Φij , 0)
⎞
⎠ ∗ td(i)
max(td(i), to(i))
(8)
In elements where i is "receiver":
volp(i) =
ST hni
3
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−
⎛
⎝ST h
n
i
3
−Δt

j in t
max(Φij , 0)
⎞
⎠ ∗ to(i)
max(td(i), to(i))
(9)
The formulas ensure that all that is given is received. If
demand exceeds offer, all donnors will give what they have to
give and it will be shared between receivers, if offer exceeds
demand, all receivers will get what they need and the donnors
will give only what is necessary.
We have thus optimally distributed the water between trian-
gles, but this is not enough to avoid negative depths and this
is why we now limit the fluxes. We now want that the limited
fluxes are such that:
volp(i)−Δt

j in t
max(Φij , 0) ≥ 0 (10)
So we define β(i) such that, if:
Δt

j in t
max(Φij , 0) > volp(i) (11)
we have:
β(i) = volp(i)Δtj in tmax(Φij , 0)
(12)
and for all fluxes that leave point i:
Φij = min(β(i),β(j))Φij (13)
A key point in the procedure is the fact that the fluxes Φij
are N or PSI fluxes. It means that in a triangle one of them at
least is 0, and that the two others are either converging to a
single point (1-target case) or leaving a single point (2-target
case). All fluxes leaving a point have thus the same sign, so
reducing them independently will reduce the total flux leaving
the point. It would not be the case with fluxes of different signs.
In the case of N or PSI fluxes it is easy also to understand
that in min(β(i),β(j)) one of the β will be equal to 1 if
Φij is not 0 (because a point only gives or only receives, and
a point that receives water has β = 1), so our reduction is
the minimum that can be done. Choosing a constant reduction
within a triangle would slow down a lot the process, with
situations where a dry point could be able to stop the flux
between the two other possibly wet points.
Compared to the other distributive schemes, here the new
volume volp(i) replaces ST hni /3 in the formulas, e.g. the
predictor will locally become:
ST h
n+1
i local
3
Cn+1i local = volp(i)C
n
i
−Δt

j in t
min(Φij , 0)Cnj −Δt

j in t
max(Φij , 0)Cni (14)
where Cni is the original concentration of tracer for point
i, Cn+1i local is the final local concentration of the same point
(i.e.obtained without communicating with other elements), and
hn+1i local is the final local depth of point i, defined by Equation
3.
The predictor equation can be rearranged in the form:
ST h
n+1
i local
3
Cn+1i local =
ST h
n+1
i local
3
Cni
−Δt

j in t
min(Φij , 0)

Cnj − Cni

(15)
To get the real equation actually solved at predictor level, we
still need to add the PSI reduction, denoted with a backward
arrow. It is applied to the right-hand side, so that we now
write:
ST h
n+1
i local
3

Cn+1i local − Cni

=
−Δt
←−−−−−−−−−−−−−−−−−−−−
j in t
min(Φij , 0)

Cnj − Cni

(16)
We briefly recall here what is the PSI non linear reduction: if
a1, a2 and a3 are the quantities to be reduced, corresponding to
points 1, 2 and 3 in a triangle. We define the total contribution
in the triangle as:
atot = a1 + a2 + a3 (17)
The three original contributions are then modified by mul-
tiplication factors, with the effect that the sum is unchanged
(thus keeping the mass conservation) and that all contributions
have the sign of the total. For example if atot > 0 this is
obtained by replacing:
a1 with
max(a1, 0) atot
max(a1, 0) + max(a2, 0) + max(a3, 0)
a2 with
max(a2, 0) atot
max(a1, 0) + max(a2, 0) + max(a3, 0)
(18)
a3 with
max(a3, 0) atot
max(a1, 0) + max(a2, 0) + max(a3, 0)
Similar formulas with function min are used when atot < 0.
With triangles there exists a simpler equivalent consisting of
reduced fluxes Φpsiij (see e.g. Reference [3]), but it works only
with original N fluxes, not when derivatives in time are added,
and moreover the formulas given here easily extend to other
elements.
Equation 14 shows that monotony is given by the
positivity of the coefficient of Cni , which is volp(i) −
Δt

j in tmax(Φij , 0), or ST hn+1i local/3, and it is exactly
the condition 10 that we have secured with the reduction of
fluxes. This is also valid for Equation 16 where, compared to
Equation 14, the negative component in the coefficient of Cni
is reduced. It appears thus that the local positivity of volumes
is the only condition to stabilise a PSI scheme. Merging all
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local values, by weigh-averaging all occurences of a point in
its different triangles, will give a final mass conservative and
monotone result.
As we have limited the fluxes, we must do a book-keeping
of all fluxes that still must be transfered, and try to transfer
them in successive iterations. At the end of an iteration k,
the fluxes that have not been transfered, thus being kept for
iteration k + 1, are denoted Φk+1ij , they are:
Φk+1ij = Φkij − Φ
k
ij = (1−min(β(i),β(j)))Φkij (19)
Iterations are stopped when all the remaining fluxes are 0,
or small enough, or after a maximum number of iterations.
This will cause no problem if the fluxes finally transfered are
the same than the fluxes transfered for computing the new
depths with the continuity equation, what we have called the
"positive-depths" algorithm. However this algorithm was so far
based on a "segment by segment" transfer which is compatible
with the NERD scheme (and is in fact its main idea). If
we want the ERIA scheme to be fully compatible with the
algorithm doing the correction of depths to get positive values,
we must then change this algorithm and organise "triangle by
triangle" transfers of water, as described above. This raises no
additional difficulty, except that this new algorithm had to be
implemened and offered as a new option for the treatment of
negative depths (namely option 3, the NERD scheme requiring
option 2). NERD and ERIA are thus incompatible.
A first very promising result is that testing what has just
been said, by running only the predictor step without further
correction, the rotating cone height after 1 rotation is already
0.4603. This is to be compared with the 0.21 of the PSI scheme
and the 0.39 of the NERD scheme.
B. Corrector step
We now consider that the predictor step has given us,
on a given triangle, local values of the predictor, which we
denote C∗i local. When assembled, these local values will give
another monotone value C∗i global. To facilitate the explanations
we first study a basic solution that will be monotone but
with high numerical diffusion. We shall then present a more
complicated version with a very low numerical diffusion.
The key difference between them is the value considered for
computing the derivative in time.
1) Basic solution: We take here the local value of the depth
for the derivative in time introduced in the corrector right-
hand side, i.e. the value obtained after a local transfer of
fluxes, without considering the other triangles. We thus write
the corrector in the form:
ST h
n+1
i local
3
Cn+1i local =
ST h
n+1
i local
3
(C∗i − Cni )
+
ST hni
3
Cni −Δt

j in t
ΦijCni (20)
+
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
ST h
n+1
i local
3
(Cni − C∗i ) +Δt

j in t
min(Φij , 0)

Cni − Cnj

It is nothing else than a PSI scheme with in the right-hand
side the estimated derivative first added (immediately after the
sign =), then removed in PSI reduced form (first term under
the backward arrow). It simplifies into:
ST h
n+1
i local
3
Cn+1i local =
ST h
n+1
i local
3
C∗i
+
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
ST h
n+1
i local
3
(Cni − C∗i ) +Δt

j in t
min(Φij , 0)

Cni − Cnj

(21)
The monotony condition can be enforced locally by impos-
ing that the coeffcient of Cni is positive:
ST h
n+1
i local
3
+Δt

j in t
min(Φij , 0) ≥ 0 (22)
This is, if we look at our definition of hn+1i local, strictly
equivalent to Condition 10. We have thus derived a viable
scheme, but unfortunately its numerical diffusion is too high,
probably because the local depth is too far from the actual
final depth, so upwinding is not well done locally. The results
with the rotating cone are the following:
TABLE I: basic solution, effect of corrections on numerical
diffusion.
corrections 0 1 2 3 4 5
cone height 0.46 0.30 0.32 0.33 0.34 0.34
The performance is downgraded by the corrections, this is
thus very disappointing.
2) A better solution: In the previous solution, instead of
choosing a local volume ST hn+1i local/3, we would prefer taking
ST h
n+1
i /3, i.e. choosing a volume corresponding to the
real final depth of point i, but this would lead to monotony
problems (this is well exemplified by the rotating cone test
case which crashes). What freedom do we have to choose the
local volumes? Actually, any kind of volume volc(i) (c added
for "corrector") would not spoil mass conservation as soon as
we have:

t  i
volc(i) = Si hn+1i (23)
at the condition that we write the corrector as:
volc(i)

Cn+1i local − C∗i

=
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
volc(i)(Cni − C∗i ) +Δt

j in t
min(Φij , 0)

Cni − Cnj

(24)
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i.e. that we use also volc(i) for the derivative in time in the
right-hand side. As a matter of fact the sum over all triangles
around i will then give:
Si h
n+1
i C
n+1
i = Si h
n+1
i C
∗
i +

t  i
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
volc(i)(Cni − C∗i ) +Δt

j in t
min(Φij , 0)

Cni − Cnj

(25)
where we see that volc(i) just replaces the classical
ST h
n+1
i /3 in the right-hand side. Only the distribution of
volumes locally reduced has an influence on the global result.
At this level it is interesting to look at the proof of monotony of
our previous explicit predictor-corrector, if we exclude sources
and boundary terms. It was:
Sih
n+1
i C
n+1
i = Sih
n+1
i C
∗
i +
fiSih
n+1
i (C
n
i − C∗i ) +Δt

j
μj min(Φij , 0)

Cni − Cnj

(26)
fi and μj being coefficients in the range [0,1], due to the
PSI reduction in various triangles. We have here a very similar
problem, but with a fundamental advantage on our side: at
element level the PSI reduction represented by the backward
arrow would give fi = μj , which fortunately avoids a stricter
stability condition. The only problem is, as usual, the positivity
of the coefficient of Cni , which is locally, before reduction:
volc(i) +Δt

j in t
min(Φij , 0) (27)
The PSI reduction, which is actually a multiplication by a
number in the range [0,1], will not change the sign. We thus
only need to ensure that:
volc(i) +Δt

j in t
min(Φij , 0) ≥ 0 (28)
Condition 28 is close to Condition 10. A striking remark
is that the classical predictor-corrector approach would have
introduced here a combination of both conditions in the form:
volc(i)−Δt

j in t
max(Φij , 0) +Δt

j in t
min(Φij , 0) ≥ 0
(29)
It is also:
volc(i)−Δt

j in t
abs(Φij) ≥ 0 (30)
We are here less restrictive and it will bring a better
behaviour of the scheme for high Courant numbers. We have
seen that choosing volc(i) = ST hn+1i local/3 for the derivative
in time leads to monotony but behaves poorly. We would like
to have instead volc(i) = ST hn+1i /3 but it is potentially
unstable. Can we mix both solutions? We can again organise
exchanges between triangles. When hn+1i local < h
n+1
i the point
i needs an extra volume ST

hn+1i − hn+1i local

/3 to get the
correct derivative in time, without spoiling the local monotony.
When hn+1i local > h
n+1
i this is not so obvious, we can only, to
avoid negative volumes, go down to a minimum value hn+1i min
such that:
ST h
n+1
i min
3
= −Δt

j in t
min(Φij , 0) (31)
That is to say we can only give a volume
ST

hn+1i local − hn+1i min

/3. We have thus for every point
again a total offer and a total demand, but with different
definition, thus denoted toc(i) and tdc(i) (again c added for
"corrector"). If the total offer toc(i) exceeds the total demand
tdc(i) we can revert to choosing ST hn+1i /3 everywhere. If
not we can share the available extra quantity. The strategy is
summarised by using for every point the volume volc(i):
volc(i) =
ST h
n+1
i local
3
+
ST max

hn+1i − hn+1i local, 0

3
min(toc(i), tdc(i))
tdc(i)
(32)
The total demand is:
tdc(i) =

T i
max

STh
n+1
i
3
− STh
n+1
i local
3
, 0

(33)
The total offer is:
toc(i) =

T i
ST

hn+1i local − hn+1i min

3
=

T i
⎡
⎣STh
n+1
i local
3
+Δt

j in t
min(Φij , 0)
⎤
⎦ ≥ 0 (34)
This solution leads to the following results with the rotating
cone:
TABLE II: final solution, effect of corrections on numerical
diffusion.
corrections 0 1 2 3 4 5
cone height 0.460 0.698 0.738 0.748 0.752 0.753
The shape of the cone is well preserved (see Figure 1). We
have a regular convergence, tested up to 12 corrections, where
we have a height of 0.756.
Using the PSI fluxes or the N fluxes in the computation
of the offer to(i) in the predictor step does not make any
difference, so it is simpler to keep the N fluxes.
By construction, the scheme is sensitive to the time step
(like NERD and LIPS, but unlike other distributive schemes
205
23rd Telemac & Mascaret User Club Paris, France, 11-13 October, 2016
which organise their own time stepping). Table III compares
NERD, ERIA and LIPS at various time steps on the rotating
cone test. DT is the basic time step that does a rotation in
32 steps. It is not a convergence study, since the mesh size
is unchanged, we only test here the effect of the Courant
number. The error given is the square of the Euclidian norm
of the difference between the original cone and its value after
one rotation. This parameter is interesting, though difficult to
interpret because it mixes two kinds of errors: the amplitude
error and the phase error. All the tests are done with a fixed
number of 5 corrections. The table shows however that NERD
and ERIA are at their best with larger Courant numbers.
TABLE III: effect of time step on numerical diffusion and
error.
time step DT DT/2 D/4 DT/6
NERD cone height 0.39 0.34 0.29 0.23
NERD error 10.05 11.47 13.68 16.94
ERIA cone height 0.75 0.78 0.80 0.86
ERIA error 1.01 1.08 2.34 4.50
LIPS cone height 0.10 0.15 0.32 0.64
LIPS error 26.64 23.31 15.18 5.16
time step DT/7 DT/8 DT/16 DT/32
NERD cone height 0.21 0.21 0.18 0.17
NERD error 17.82 18.41 20.06 2.72
ERIA cone height 0.87 0.85 0.81 0.74
ERIA error 4.75 4.03 1.76 1.31
LIPS cone height 0.76 0.82 0.82 0.74
LIPS error 4.22 4.70 2.31 1.36
The surprise is that the ERIA scheme is amazingly not
very sensitive to the Courant number. There is however an
optimum, with an impressive maximum height of 0.87, which
corresponds to a Courant number of about 1, though the shape
should also be discussed and compared, as it is not better
(see Figure 2), and paradoxically coincides with the worst
error. Figure 1 corresponds to DT, the fist column in the
table. This large time step gives for ERIA, as for NERD, the
minimum error. In the same conditions LIPS gives a poor
cone height of 0.10 and the maximum error. The reason is
that for high Courant numbers the LIPS scheme reacts by
increasing implicitation, and the implicit part of LIPS is done
without PSI reduction, as this would introduce non-linearity
in the (otherwise linear) system. The two other schemes are
on the contrary always explicit, at the cost of a few successive
iterations to transmit all the fluxes.
III. A TEST CASE WITH DRY ZONES
The test case of a flow around bridge piers, in the Telemac-
2D portfolio of examples, has been chosen, but the bottom has
been modified so that a part of the domain is dry, thus forming
an island. To achieve this, a disc of radius 4 m has been carved
out around the point of coordinates (6,0), by setting the bottom
elevation at 5 m instead of 0. In Figures 3 and 4 the tracer on
Fig. 1. Rotating cone test. Cone after one rotation, with ERIA scheme, 5
corrections. One rotation in 32 steps (DT).
Fig. 2. Rotating cone test. Cone after one rotation, with ERIA scheme, 5
corrections. One rotation in 224 steps (DT/7).
the island has been artificially set to 0 after the computation,
to visualise the island. Otherwise the values are between 1
and 2, according to the initial and boundary conditions. The
island contour is uneven due to the mesh roughness. Being a
steady state, this case is not really meant for the predictor-
corrector approach since the derivative in time is about 0, but
we show the ability to cope with dry areas. With no correction
the new ERIA scheme appears again to perform better than
LIPS, as regards the numerical diffusion (see the extent of the
yellow level, which represents values between 1.6 and 1.7).
With smaller time steps they tend to give closer results (not
shown here). The loss of mass at the end of the 200 steps of
0.4 s is 0.45 10−12 for ERIA and 0.1 10−8 for LIPS (tracers
without unit). It is due to the fact that ERIA only depends on
machine accuracy while LIPS depends on its solver accuracy.
The Malpasset dam break test case has also been tested and
behaves correctly.
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Fig. 3. Bridge pier test case with an island. Tracer with LIPS.
Fig. 4. Bridge pier test case with an island. Tracer with ERIA.
IV. CONCLUSION
The ERIA scheme takes advantage of two recent progresses
done in the field of distributive advection schemes, namely:
 The predictor-corrector approach, with iterations on cor-
rections if necessary.
 The idea of the NERD scheme applied to triangles, to get
an unconditional stability.
Moreover a new system of distribution of masses between
elements, done in a different way at predictor and corrector
levels, relaxes the stability condition.
The scheme has the following properties:
 Mass conservation
 Monotony
 Low numerical diffusion
 Ability to cope with dry zones
 Unconditional stability
 No linear system to solve
The low numerical diffusion is obtained by the optimised
distribution of available water when splitting the mesh into
isolated triangles for doing an iteration of the scheme. This
was the case also, in a lesser extent, with the NERD scheme.
This idea could actually as well be applied to the other
distributive schemes.
In the rotating cone test case the height of the cone after one
rotation can now be more than 4 times higher than what we
get with the classical PSI scheme. There is no extra problem
with domain decomposition parallelism. The sensitivity to the
Courant number has been much reduced, compared to the
LIPS scheme.
Is there still room for improvement? Why not? We know
that the weak form of the method of characteristics still gives
far better results on the rotating cone test (but fails to be
monotone and is not mass conservative, and so is discarded for
most applications). There is a number of technical weaknesses
or problems of the new scheme that could be examined and
are as many hints of possible improvements:
 The "upwind" of the derivative in time, which is consid-
ered the breakthrough that triggered the initial progress of
all distributive schemes, is actually not really an upwind,
just a PSI non linear limitation. A real upwind spoils so
far the stability proof and remains an open problem. This
is the case of all predictor-corrector distributive schemes.
 The ERIA scheme is only a first order scheme. The theory
of a second order form remains to be done, and attempts
to do so were to no avail so far. The difficulty, as always,
is the proof of stability. It is probable that a second
order form would require a stricter stability condition,
thus more limitation of the fluxes, thus more iterations.
 The extension to 3D will probably raise technical prob-
lems. We have heavily used in the derivation the fact that
the N scheme leads only to a 1-target and a 2-target case.
It is certainly not the case with prisms.
 The need to tune parameters such as the number of
corrections. It would be better to have an automatic
adaptation.
Anyway, a lot of interesting progresses have been done
recently in the field of distributive schemes, bringing a new ad-
vantage to unstructured meshes. These low-diffusion schemes
offer a lot of new possibilities to explore.
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